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a b s t r a c t
In this paper we prove results on the number of rational places in extensions of Kummer
type over finite fields and give sufficient conditions for non-trivial lower bounds on the
number of rational places at each step of sequences of function fields over a finite field,
that we call (a, b)-sequences. In the case of a prime field, we apply these results to the
study of rational places in certain sequences of function fields of Kummer type.
© 2011 Elsevier B.V. All rights reserved.
Let q be a prime power and let F/Fq be a function field. A celebrated result ofWeil [13] states that ifN(F) and g(F) denote
the number of rational places (or places of degree one) and the genus of F/Fq respectively, then
|N(F)− (q+ 1)| ≤ 2g(F)√q.
The above inequality is known as the Hasse–Weil bound. There is an improvement due to Serre [5,6] which states that
|N(F)− (q+ 1)| ≤ g(F)⌊2√q⌋, (1)
where ⌊x⌋ denotes the largest integerm such thatm ≤ x.
It is well known that function fields with many rational places play an important role in algebraic coding theory (see for
example [7] and [8]) and for reasons related to practical implementation of these codes it is imperative that the involved
functions fields are given in an explicit way, i.e. in terms of generators and defining equations.
Function fields with many rational places have also received much attention in theoretical considerations related to
global function fields after Ihara [4] introduced the function A(q) = lim supg→∞ Nq(g)/g where Nq(g) is the maximum
number of rational places of a function field over Fq with genus g . Drinfeld and Vladut [12] showed that A(q) ≤ √q − 1.
It was also shown by Ihara, and independently by Tsfasman, Vladut and Zink that if q is a square then A(q) = √q − 1.
When q is not a square, the exact value of A(q) is not known. One way of obtaining non-trivial lower bounds for
Ihara’s function is through the construction of asymptotically good towers of function fields over Fq (see the survey
paper [2]).
As a first step in the construction of such towers, it is necessary to obtain non-trivial lower bounds of the number
N(Fi) of rational places of a function field Fi/Fq belonging to a sequence of functions fields {Fi/Fq}∞i=1 such that Fi  Fi+1.
One way of achieving this lower bound is by means of a lower bound for the so-called splitting locus of a sequence of
function fields (see Section 2 for definitions). In Proposition 3.13 of [2] the authors showed that there is a lower bound
for the splitting locus in terms of the size of a non-empty set Σ ⊂ Fq ∪ {∞} having certain properties. The main goal
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of this paper is to give sufficient conditions to find such a set Σ for a class of sequences of function fields that we call
(a, b)-sequences.
In Section 1 we prove a result on the number of rational places in certain simple extensions of function fields which will
be useful for the case of sequences of function fields. As an application, we give two examples of Kummer type extensions
over a prime field such that the number of rational places attains Np(g).
In Section 2 we define the concepts of a recursive sequence and of an (a, b)-sequence of function fields over Fq, where
a, b are rational functions in one variable. In one of the main results, Theorem 2.1, we obtain a non-trivial lower bound
for the number of rational places at each step of an (a, b)-sequence of function fields over Fq, for a, b satisfying certain
conditions.
In Section 3 we show that some known non-trivial lower bounds for N(Fi) for certain sequences due to Garcia et al. [3]
and van der Geer and van der Vlugt [11] can be deduced fromTheorem2.1. An auxiliary result that gives sufficient conditions
on (a, b) is needed in order to prove that the element generating the extension Fi+1 over Fi, at each step i, satisfies one of
the assumptions of Theorem 2.1.
Finally, in Section 4, we focus on the interesting case of prime fields applying the results of Sections 2 and 3 to construct
sequences of Kummer type over Fp for every prime pwith non-trivial lower bounds forN(Fi) (see Theorem4.2). Since finding
an example of an explicit asymptotically good tower over a prime field is still an open problem it would be very interesting
to study the behavior of the genus of these sequences.
1. Rational places in Kummer extensions
Throughout this paper we use the following notation: for any set Awe denote by |A| the cardinality of A. If g(T ) ∈ Fq(T )
we denote by Zg the set of zeros of g(T ) in an algebraic closure Fq of Fq.
For any monic and irreducible polynomial f (x) ∈ Fq[x]we denote by Pf (x) the rational place of the rational function field
Fq(x) corresponding to f (x). We denote by ν∞ the discrete valuation induced by the infinite place P∞ of Fq(x).
Let F/Fq be a function field. We will always assume that Fq is the full constant field of F . We denote by P(F) the set
of places of F . For P ∈ P(F) we denote by OP the valuation ring of P , by νP the discrete valuation induced by P in F
and by u(P) the residue class mod P of u ∈ F . The set of places of degree n of F is denoted by Pn(F). The places of F of
degree one are called rational places of F . We denote by N(F) the number of rational places of F , i.e. N(F) = |P1(F)|.
When F ′/F is an algebraic field extension, P ∈ P(F), Q ∈ P(F ′) and Q lies above P we denote by e(Q |P) and f (Q |P) the
ramification index and the inertia degree of Q over P respectively. For complete definitions and properties of function fields
see [7].
The following general result is a direct consequence of Kummer’s theorem and the Eisenstein’s irreducibility criterion
(Theorem 3.3.7 and Proposition 3.1.15 in [7] respectively) for function fields.
Proposition 1.1. Let F/Fq be a function field. Suppose that there are polynomials a1(T ) and a2(T ) ∈ Fq[T ] and an element u ∈ F
such that the polynomial
σ(T ) := a1(T )− a2(T )u ∈ F [T ],
is monic and irreducible in F [T ]. Let us consider the extension
F ′ := F(y) where σ(y) = 0.
For P ∈ P(F) and u ∈ OP we define
σ P(T ) := a1(T )− a2(T )u(P),
which is a polynomial with coefficients in the residue field OP/P = Fqr where r = deg(P). Let
S1 := {P ∈ P(F) : νP(u) ≥ 0},
S2 := {P ∈ P(F) : σ P(T ) is separable},
and
S3 := {P ∈ P(F) : σ P(T ) is not separable}.
Let S = S1 ∩ S2 ∩ P1(F) and suppose that S ≠ ∅. For P ∈ S let LP be the number of linear factors in the factorization of σ P(T ) in
Fq[T ]. Then
(i) All the ramified places of F in F ′ are in (S1 ∩ S3) ∪ {poles of u in F}.
(ii) N(F ′) ≥∑P∈S LP .
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(iii) Suppose that a2(T ) = 1. If there is a rational pole P of u in F such that gcd(deg(σ ), νP(u)) = 1 then Fq is the full constant
field of F ′. Furthermore, if P1, . . . , Pn are rational poles of u in F such that
gcd(deg(σ ), νPi(u)) = 1 for 1 ≤ i ≤ n,
then
N(F ′) ≥ n+
−
P∈S
LP .
(iv) Let a(y) := a1(y)/a2(y). If deg(σ )|νQ (a(y)) and gcd(deg(σ ), νP(u)) = 1 for Q ∈ P(F ′) lying above P ∈ P(F) then P is
completely ramified in F ′. Let S4 (resp. S5) be the set of places P ∈ P(F)r (S1 ∩ S2) such that gcd(deg(σ ), νP(u)) = 1 (resp.
gcd(deg(σ ), νP(u)) ≠ 1) and for every Q ∈ P(F ′) lying above P we have that deg(σ )|νQ (a(y)). If P(F)r(S1∩S2) = S4∪S5
then
N(F ′) = |P1(F) ∩ S4| + N +
−
P∈S
LP ,
where N is the number of rational places of F ′ lying above all places in P1(F) ∩ S5.
Proof. Let P ∈ S1. Then σ(T ) ∈ OP [T ] and by Proposition 3.3.1 of [7] we have that y is integral over OP . Since a1(T ) and
a2(T ) ∈ Fq[T ]we have that
σ P(T ) = σ(T ) mod P.
Since Fqr is the residue class field of P we have that σ P(T ) splits into pairwise distinct irreducible factors in Fqr [T ] when
P ∈ S2 and since
P(F) = (S1 ∩ S2) ∪ (S1 ∩ S3) ∪ {poles of u in F}, (2)
and this union is pairwise disjoint we see that (i) and (ii) follows from Kummer’s theorem.
Now suppose a2(T ) = 1 and let P be a pole of u in F such that
gcd(deg(σ ), νP(u)) = 1.
Since a1(T ) ∈ Fq[T ] ⊂ OP [T ] and
gcd(deg(σ ), νP(a1(0)− u)) = gcd(deg(σ ), νP(u)) = 1,
the Eisenstein’s irreducibility criterion tell us that P is completely ramified in F ′. Hence there is exactly one rational place
of F ′ lying above P and the inequality in (iii) follows. The argument used in Corollary 3.7.4 in [7] shows that Fq is the full
constant field of F ′.
Finally suppose that P ∈ S4. Then for any Q ∈ P(F ′) lying above P we have that gcd(deg(σ ), νP(u)) = 1. Since a(y) = u,
deg(σ )|νQ (a(y)) and νQ (a(y)) = e(Q |P)νP(u) we conclude that e(Q |P) = deg(σ ) so that P is completely ramified in F ′.
From (2) we have that
P1(F) = S ∪ (P1(F) ∩ S4) ∪ (P1(F) ∩ S5),
is a pairwise disjoint union so that (iv) follows. 
Part (iv) of Proposition 1.1 applies nicely when, for a given function field F/Fq, a Kummer type extension F ′/F is
considered. This means that there is an algebraic element y over F such that F ′ = F(y) and the minimal polynomial of
y over F is of the form Tm − u ∈ F [T ] for some integerm ≥ 2 with gcd(m, q) = 1.
Proposition 1.2. Let F/Fq be a function field, let m ≥ 2 be an integer such that gcd(m, q) = 1 and let u ∈ F such that
gcd(m, νP(u)) = 1 for some place P of F . Let S and Si for i = 1, 2, 3, 4, 5 be the sets of places of F defined in Proposition 1.1. Let
F ′ = F(y) where y is a root of the polynomial
σ(T ) := Tm − u ∈ F [T ]. (3)
Then
(a) F ′/F is of Kummer type and Fq is the full constant field of F ′. Also
S1 ∩ S3 = {zeros of u in F}.
Therefore
S = P1(F) r {poles and zeros of u in F}.
(b) For any P ∈ S we have that the polynomial σ P(T ) := Tm− u(P) factorizes in Fq[T ] into pairwise distinct irreducible factors.
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(c) The set of zeros and poles P of u in F such that νP(u)≡upslope 0 mod m is the set of places of F which are ramified in F ′. Also
S4 = {P ∈ P(F) : νP(u) ≠ 0 and gcd(m, νP(u)) = 1},
and
S5 = {P ∈ P(F) : νP(u) ≠ 0 and gcd(m, νP(u)) ≠ 1}.
From (iv) of Proposition 1.1 we have
N(F ′) = |P1(F) ∩ S4| + N +
−
P∈S
LP ,
where LP denotes the number of linear factors in the factorization of Tm−u(P) in Fq[T ] and N is the number of rational places
of F ′ lying above all places in P1(F) ∩ S5.
(d) If S6 := {P ∈ P(F) : νP(u) ≠ 0 and νP(u)≡upslope 0 mod m} then
g(F ′) = 1+m(g(F)− 1)+ m
2
−
P∈S6

1− m
gcd(m, νP(u))

deg(P).
Proof. The first two assertions in (a) are proved in Corollary 3.7.4 in [7]. Let P ∈ P(F). If P is a zero of u in F then u(P) = 0
so that σ P(T ) is not a separable polynomial. On the other hand if νP(u) = 0 then u(P) ∈ Fqr r {0} (where r = deg(P)) so
that σ P(T ) is a separable polynomial. Therefore S1 ∩ S3 = {zeros of u in F} and from (2) we have that (a) and (b) follow.
From Proposition 3.7.3 in [7] we have that
e(Q |P) = m
gcd(m, νP(u))
,
for any Q ∈ P(F ′) lying above P ∈ P(F) so that P ∈ P(F) is ramified in F ′ if and only if gcd(m, νP(u))≡upslope 0 mod m. From
(a) we have that the first assertion in (c) follows. Since a(y) = ym we have that m = deg(σ ) divides νQ (a(y)) so that the
remaining assertions in (c) follow from (iv) of Proposition 1.1.
Finally, from (c) we have that the places in S6 are exactly the ramified places of F in F ′. Then (d) follows from the genus
formula for Kummer extensions given in Proposition 3.7.3 in [7]. 
Under the assumptions of Proposition 1.2, from the formula for N(F ′) given in (c) we see that in order to have function
fields of Kummer type F ′/F with many rational places we need to have the set S as big as possible which is equivalent to
having a small number of linear factors in (3) because it is likely to have LP > 1 for P ∈ S. In this direction it is convenient
to consider positive integersmwhich are divisors of q− 1 that are as big as possible and u(P) = 1 for P ∈ S so that we will
have many linear factors in the factorization of Tm − 1 in (b) of Proposition 1.2. On the other hand it is of interest to have
function fields with many rational places with respect to their genera. From the formula given in (c) of Proposition 1.2 we
see that we need to have zeros and poles of u in F of degree as low as possible. These are the general facts that guided the
search and explicit construction of function fields of Kummer type with many rational places in [10] and [1] where many
records were obtained. Their methods give good examples of function fields of Kummer typewithmany rational places over
non prime finite fields.
Let us see some examples over prime fields.We now consider function fields of Kummer type F ′ = F(y)where F = Fq(x)
and the minimal polynomial of y over F is of the form
Tm = u with u := x
n+1 + f (x)
f (x)+ x ,
with f (x) ∈ Fq[x] andm and n divisors of q− 1. Note that if γ ∈ Fq and f (γ )+ γ ≠ 0 then
γ n+1 + f (γ )
f (γ )+ γ = 1 if and only if γ = 0 or γ is an n-th root of unity in Fq.
Since F is now a rational function field, we identify the rational place Px−γ of F for γ ∈ Fq with γ so that S ⊂ Fq where S
is as in Proposition 1.2 and we will write Lγ instead of LPx−γ for simplicity. In all the examples below we have that either
S5 = ∅ or S5 = {P∞}.
Example 1. Let q = 5 and considerm = n = 4 and
f (x) = x.
After some computations we have
x5 + x
x+ x =
x(x2 + 2)(x2 + 3)
2x
= 3(x2 + 2)(x2 + 3),
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over F5. The equation
T 4 = 3(x2 + 2)(x2 + 3),
defines a Kummer type extension F ′/F satisfying the conditions of Proposition 1.2. Since S = F5 and f (γ ) + γ = 2γ ≠ 0
for γ ∈ S r {0}we have that
Lγ = 4 for each γ ∈ S r {0},
and L0 = 0 because the polynomial T 4 − 3 is irreducible over F5. Hence−
γ∈S
Lγ = 16.
Clearly P1(F)∩ S4 = ∅. Since ν∞(u) = −4 we have that S5 = {P∞} and we have to compute N . Since F ′/F is a (cyclic) Galois
extension of degree 4, from the Serre’s upper bound (1) for N(F ′), we deduce that N = 0. We have proved that the equation
T 4 = 3(x2 + 2)(x2 + 3),
defines a function field F ′/F5 of genus g(F ′) = 3 such that
N(F ′) = 0+ 0+ 16 = 16.
This is the value of N5(3) (see the tables in [9]) and it was also attained by a Kummer type extension (also called, in this case,
of Fermat type) whose defining equation is
T 4 = 2− x4.
See [6] for details.
Example 2. Let q = 7 and considerm = 3, n = 2 and again
f (x) = x.
We have that
x3 + x
x+ x = 4(x
2 + 1),
over F7. The equation
T 3 = 4(x2 + 1),
defines a Kummer type extension F ′/F satisfying the conditions of Proposition 1.2. In this case S = F7 and it is easy to check
that
L1 = L2 = L5 = L6 = 3 and L0 = L3 = L4 = 0.
Hence−
γ∈S
Lγ = 12.
We have that ν∞(u) = −2 so that P1(F)∩ S4 = {P∞}. Thus S5 = ∅ and then N = 0. From (c) of Proposition 1.2 we have that
N(F ′) = 1+ 0+ 12 = 13.
In this case g(F ′) = 1 so that F ′/F7 is an elliptic function field. In fact
F ′ = F7(u, v) with v2 = u3 + 3.
The value of N7(1) is 13 (see the tables in [9]). The elliptic curve
v2 = u3 + 3,
attaining N7(1)was found by M. Deuring in 1941.
Now we consider function fields of Kummer type F ′ = F(y)where F = Fq(x) and the minimal polynomial of y over F is
of the form
Tm = u with u := g(x)+ 1,
where g(T ) ∈ Fq[T ] is a divisor of (T q − T )n for some n ∈ N.
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Example 3. Let q = 11 and considerm = 5 and
g(T ) = T 2(T − 1)(T − 2)(T − 3).
The equation
T 5 = x2(x− 1)(x− 2)(x− 3)+ 1 = x5 + 5x4 + 5x2 + 1,
defines a Kummer type extension F ′/F satisfying the conditions of Proposition 1.2. In this case S = F11 and P1(F) ∩ S4 = ∅
since the polynomial g(T ) is irreducible in F11[T ] so that the place Pg(x) is the only zero of u and is of degree 5. It is easy to
check that
L0 = L1 = L2 = L3 = L8 = L10 = 5 and L4 = L5 = L6 = L7 = L9 = 0.
Hence−
γ∈S
Lγ = 30.
Since ν∞(u) = −5 we have that S5 = {P∞} so that we have to compute N . Consider now the equation z5 = 1 + 5/x +
5/x3 + 1/x5. Then
F ′ = F11(x, y) = F11(x, z),
and in this way we have that
T 5 − (1+ 5/x+ 5/x3 + 1/x5) ∈ OP∞ [T ],
and
T 5 − (1+ 5/x+ 5/x3 + 1/x5) = T 5 − 1mod P∞.
Since F11 is the residue class field of P∞ and T 5 − 1 splits into 5 linear factors in F11[T ], from Kummer’s theorem we have
that P∞ splits completely in F ′ and thus N = 5. From (c) of Proposition 1.2 we have that
N(F ′) = 0+ 5+ 30 = 35.
In this case g(F ′) = 6. From the tables in [9] we only know that N11(6) ≤ 45 so that this example gives a good lower bound
for N11(6).
2. Sequences of function fields
Now we consider the problem of estimating the number of rational places in recursive sequences of function fields over
Fq. Following [2], by a recursive sequence of function fields over Fq wemean that we have a transcendental element x0 over
Fq, an infinite sequence of function fields {Fi/Fq}∞i=0 such that
F0 := Fq(x0) ⊂ F1 ⊂ · · · Fi ⊂ Fi+1 ⊂ · · ·
and a polynomial
H(x, y) ∈ Fq[x, y],
such that Fi+1 = Fi(xi+1)where H(xi, xi+1) = 0 for i ≥ 0.
A sequence of function fields over Fq will be denoted by
F /Fq := (F0, F1, F2, . . . , Fi, . . .).
We will deal with recursive sequences F /Fq where H(x, y) is of the form
H(x, y) := a1(y)b2(x)− a2(y)b1(x),
with a1(T ), a2(T ), b1(T ) and b2(T ) ∈ Fq[T ] such that
gcd(a1, a2) = gcd(b1, b2) = 1.
In this case we will say that F /Fq is an (a, b)-recursive sequence in order to make reference to the rational functions
a(T ) := a1(T )
a2(T )
and b(T ) := b1(T )
b2(T )
,
generating the sequence. Another usual way of referring to this situation is to say that the equation
a(y) = b(x),
defines a recursive sequence F /Fq = (F0, F1, . . .) of function fields.
M. Chara, R. Toledano / Journal of Pure and Applied Algebra 215 (2011) 2603–2614 2609
We will be interested in the study of the number of rational places in an (a, b)-recursive sequence of function fields
and this means finding non-trivial lower bounds of N(Fi) for each Fi of F . The following definitions are important: a place
P ∈ P(Fi) splits completely in F /Fq if P splits completely in each extension Fj/Fi. The splitting locus of F over F0 is defined as
Split(F /F0) := {P ∈ P(F0) : deg(P) = 1 and P splits completely in F /Fq}.
A place P ∈ P(Fi) is completely ramified in F /Fq if P is completely ramified in each extension Fj/Fi. The complete
ramification locus of F over F0 is defined as
Cram(F /F0) := {P ∈ P(F0) : deg(P) = 1 and P is completely ramified in F /Fq}.
Since every place Q ∈ P(Fi) lying above a place in Split(F /F0) ∪ Cram(F /F0) is a rational place, we have that
N(Fi) ≥ [Fi : F0]|Split(F /F0)| + |Cram(F /F0)|. (4)
Now we give sufficient conditions in order to obtain a non-trivial lower bound of the size of Split(F /F0).
Theorem 2.1. Let F /Fq = (F0, F1, . . .) be an (a, b)-recursive sequence of function fields such that Fq is the full constant field of
Fi for i ≥ 0. Suppose that there exists a polynomial φ(T ) ∈ Fq[T ] such that
(i) Za1 ∩ Za2 = ∅.
(ii) Zφ◦a ⊂ Fq.
(iii) Zφ◦a ⊂ Zφ◦b.
(iv) The polynomial σi+1(T ) = a1(T )− a2(T )b(xi) ∈ Fi[T ] is the minimal polynomial of xi+1 over Fi for i ≥ 0.
(v) For any γ ∈ Zφ◦a the polynomial σ(T ) = a1(T )− a2(T )b(γ ) ∈ Fq[T ] has degree d = deg(a1) and all its roots are simple.
Then for any γ ∈ Zφ◦a the place Px0−γ of F0 = Fq(x0) splits completely in F and hence
|Split(F /F0)| ≥ |Zφ◦a|.
Proof. The result is a direct consequence of the following claim which will be proved by induction: for each γ ∈ Zφ◦a the
place Px0−γ of F0 splits completely in Fi for i ≥ 1 and if Q is a place of Fi lying above Px0−γ then there exists γ ′ ∈ Zφ◦a such
that xi(Q ) = γ ′. For the extension F1/F0 we have that σ1(T ) = a1(T )− a2(T )b(x0) ∈ F0[T ] is the minimal polynomial of x1
over F0. Now if γ ∈ Zφ◦a then φ(b(γ )) = 0 by (iii) and then b2(γ ) ≠ 0 which implies that Zφ◦a ⊂ Fq r Zb2 .
Now let us see that the roots of σ(T ) are in Fq for any γ ∈ Zφ◦a. If σ(α) = 0 then
0 = a1(α)− a2(α)b(γ ).
We have that a2(α) ≠ 0 since, if not, then a1(α) = 0 and so α ∈ Za1 ∩ Za2 contradicting (i). Hence
a(α) = b(γ ),
and then by (iii)
φ(a(α)) = φ(b(γ )) = 0,
which implies that α ∈ Zφ◦a ⊂ Fq by (ii).
With the notation of Proposition 1.2 and identifying the rational place Px0−γ of F0 for γ ∈ Fq with γ , so that S ⊂ Fq, we
have, by (iv), (v) and by taking S = Zφ◦a that Proposition 1.2 implies that for any γ ∈ Zφ◦a there are exactly d rational places
of F1 lying over the rational place Px0−γ and so the place Px0−γ of F0 splits completely in F1. Additionally, Kummer’s theorem
tells us that if Q is a place of F1 lying above Px0−γ then x1(Q ) = γ ′ for some simple root γ ′ of σ(T ). Then a(γ ′) = b(γ ) and
so φ(a(γ ′)) = φ(b(γ )) = 0 from which we conclude that γ ′ ∈ Zφ◦a and we have proved the claim for i = 1.
Now suppose that the claim is valid for Fi/F0. Let γ ∈ Zφ◦a and let Q be a place of Fi lying above Px0−γ . By the inductive
hypothesis there exists γ ′ ∈ Zφ◦a such that xi(Q ) = γ ′. Let xi+1 such that a(xi+1) = b(xi). By (iv) the polynomial
σi+1(T ) = a1(T )− a2(T )b(xi) ∈ Fi[T ],
is the minimal polynomial of xi+1 over Fi. Also
σ(T ) = a1(T )− a2(T )b(γ ′) = σi+1(T ) mod Q ,
σ (T ) has degree d = deg(a1(T )) = [Fi+1 : Fi] and all its roots are simple by (v) and they are in Zφ◦a ⊂ Fq as we have already
seen. On the other hand, since γ ′ ∈ Zφ◦b by (iii) and xi(Q ) = γ ′ then
0 ≠ b2(γ ′) = b2(xi(Q )) = b2(xi) mod Q ,
and so νQ (b2(xi)) = 0. Therefore νQ (b(xi)) = νQ (b1(xi)) ≥ 0 and we have that σi+1(T ) ∈ OQ . This together with (iv) says
that xi+1 is integral over OQ .
Then from Kummer’s theorem we have that there are exactly d = [Fi+1 : Fi] extensions Q˜1, . . . , Q˜d of Q to Fi+1 such that
xi+1(Q˜j) = ηj ∈ Zφ◦a for j = 1, . . . , d and the claim is proved for Fi+1/F0. 
Remark. If σ˜i+1(T ) = b(xi)−1a1(T )−a2(T ) ∈ Fi[T ] is the minimal polynomial of xi+1 over Fi for i ≥ 0 instead of σi+1(T ) in
(iv) of Theorem 4.2, the above result is still valid if we replace (v) by the following condition: for any γ ∈ Zφ◦a we have that
b(γ ) ≠ 0 and the polynomial b(γ )−1a1(T )− a2(T ) has d = deg(a2(T )) simple roots. In this direction, note that if φ(0) ≠ 0
then b(γ ) ≠ 0 for all γ ∈ Zφ◦a, because of (iii) of Theorem 4.2. In any case, from the proof of the above theorem, we see that
|Zφ◦a| ≥ d = deg(a1),
since each ηj ∈ Zφ◦a.
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3. Examples
Example 4. Let F /F9 = (F0, F1, . . .) be the (a, b)-sequence of function fields over F9 generated by the rational functions
a(T ) := T 2 and b(T ) := T
2 + 1
2T
,
as elements of F9(T )where we have considered the representation of F9 as
F9 = {0, 1, 2, α, α + 1, α + 2, 2α, 2α + 1, 2α + 2},
with α2 = 2α + 1. Let
φ(T ) := T 2 + 1.
Then
φ(a(T )) = T 4 + 1 and φ(b(T )) = T
4 + 1
T 2
,
and we have that
Zφ◦a = Zφ◦b = {α, α + 1, 2α, 2α + 2} ⊂ F9.
From Proposition 3.1 below we have that the polynomial
σ(T ) := T 2 − b(xi),
is theminimal polynomial of xi+1 over Fi and that F9 is the full constant field of Fi for i ≥ 0. Now let γ ∈ Zφ◦a. Since b(γ ) ≠ 0
and char(F9) = 3, we also have that σ(T ) = T 2 − b(γ ) has degree 2 = deg(a(T )) and all its roots are simple. Therefore
from Theorem 4.2
|Split(F /F0)| ≥ 4. (5)
From Proposition 3.1 below we have the infinite place P∞ of F0 = F9(x0) is in Cram(F /F0) so that |Cram(F /F0)| ≥ 1. Then
from (5) and (4) we have that
N(Fi) ≥ 2i+2 + 1,
for all i ≥ 0.
The equation just considered
y2 = x
2 + 1
2x
,
was studied in [3] where it was proved that it generates a tame tower asymptotically optimal over Fp2 for any odd prime
number p. The splitting locus was treated using the so-called Deuring polynomial
Hp(T ) :=
(p−1)/2
j=0
 p−1
2
j

T j,
where p is an odd prime number. It was proved that
Hp(T 4) = T 2Hp

T 2 + 1
2T
2
.
Note that φ(T ) = H3(T 2) in the above example.
Example 5. Now let H/F8 = (H0,H1, . . .) be the (a, b)-sequence of function fields over F8 generated by the rational
functions
a(T ) := T 2 + T and b(T ) := T
2 + T + 1
T
,
as elements of F8(T )where we have considered the representation of F8 as
F8 = {0, 1, α, α + 1, α2, α2 + 1, α2 + α, α2 + α + 1},
with α3 = α + 1. Let
φ(T ) := T 3 + T + 1.
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Then
φ(a(T )) = (T 3 + T 2 + 1)(T 3 + T + 1),
and
φ(b(T )) = (T
3 + T 2 + 1)(T 3 + T + 1)
T 3
,
so that
Zφ◦a = Zφ◦b = F8 r F2.
Once again from Proposition 3.1 below we have that the polynomial
σ(T ) := T 2 + T − b(xi),
is the minimal polynomial of xi+1 over Hi and that F8 is the full constant field of Hi for i ≥ 0. Also for any γ ∈ Zφ◦a we have
that the polynomial σ(T ) = T 2 + T − b(γ ) has degree 2 = deg(a(T )) and all its roots are simple because σ ′(T ) = 1. Then
from Theorem 4.2 we have that
|Split(H/H0)| ≥ 6. (6)
On the other hand, from Proposition 3.1 below we have that the infinite place P∞ of H0 = F8(x0) is in Cram(H/H0). Now
let P0 be the zero of x0 in F0. We will show now that P0 ∈ Cram(H/H0). In the extension F1/F0 we have that if Q0 ∈ P(F1)
lies above P0 then
νQ0(x
2
1 + x1) = e(Q0|P0)νP0

x20 + x0 + 1
x0

= e(Q0|P0)(−1),
and this implies that νQ0(x1) < 0. Therefore e(Q0|P0) = 2 and νQ0(x1) = −1. Now we proceed by induction. Suppose that
R0 is a place of Fn lying above P0 such that e(R0|P0) = 2n and νR0(xn) = −1. Let S0 be a place of Fn+1 lying above R0. Then we
have that
νS0(x
2
n+1 + xn+1) = e(S0|R0)νR0

x2n + xn + 1
xn

= e(S0|R0)νR0(2νR0(xn)− νR0)
= e(S0|R0)νR0(−1).
Thus e(S0|R0) = 2 and νS0(xn+1) = −1 and this implies that P0 ∈ Cram(H/H0). Hence |Cram(H/H0)| ≥ 2 and from (6) and
(4) we have
N(Hi) ≥ 3 · 2i+1 + 2,
for all i ≥ 0.
The equation
y2 + y = x
2 + x+ 1
x
,
defines an asymptotically good tower of Artin–Schreier type over F8 which was studied in [11] where the authors proved
that 3/2 is the exact limit of the tower and
N(Hi) = 3 · 2i+1 + 2,
for all i ≥ 0.
Now we prove a result on complete ramification in a sequence of function fields which was used in the above examples
and will also be helpful in the next section.
Proposition 3.1. Let F /Fq = (F0, F1, . . .) be an (a, b)-recursive sequence of function fields. Suppose that a(T ) is a polynomial
such that deg(a(T )) = m > 1, deg(b1(T )) = n and deg(b2(T )) = k with n > k and (m, n − k) = 1. If F0 = Fq(x0) then the
infinite place P∞ of F0 is completely ramified in F /Fq and, as a consequence, [Fi+1 : Fi] = m for i ≥ 0 and Fq is the full constant
field of Fi for i ≥ 0. In particular if a(T ) is monic, the polynomial
a(T )− b(xi) ∈ Fi[T ],
is the minimal polynomial of xi+1 over Fi for all i ≥ 0.
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Proof. We proceed by induction and we will prove that P∞ is completely ramified in Fi, [Fi : F0] = mi and that, if Pi denotes
the only place of Fi lying above P∞, then νPi(xi) = −(n − k)i for i ≥ 1. Let Q be a place of F1 lying above P∞. Let ν := νP∞ .
We have that ν(b(x0)) = k− n and
νQ (a(x1)) = e(Q |P∞)ν(b(x0)) = (k− n)e(Q |P∞) < 0.
This implies that νQ (x1) < 0. Hence
mνQ (x1) = νQ (a(x1)) = (k− n)e(Q |P∞).
Since (m, n− k) = 1 and e(Q |P∞) ≤ [F1 : F0] ≤ m we have that e(Q |P∞) = m. Therefore P∞ is completely ramified in F1,
[F1 : F0] = m and νQ (x1) = k− n = −(n− k).
Now suppose that P∞ is completely ramified in Fi, [Fi : F0] = mi and that νPi(xi) = −(n− k)i where Pi is the only place of
Fi lying above P∞. Let Q be a place of Fi+1 lying above Pi. Let xi+1 ∈ Fi+1 such that a(xi+1) = b(xi). Since νPi(xi) < 0 we have
νQ (a(xi+1)) = e(Q |Pi)νPi

b1(xi)
b2(xi)

= e(Q |Pi)[n νPi(xi)− kνPi(xi)]
= −(n− k)i+1e(Q |Pi) ≤ −(n− k)i+1 < 0.
This implies that νQ (xi+1) < 0 and so
mνQ (xi+1) = νQ (a(xi+1)) = −(n− k)i+1e(Q |Pi).
Since (m, n − k) = 1 and e(Q |Pi) ≤ [Fi+1 : Fi] ≤ m we conclude that e(Q |Pi) = m, [Fi+1 : Fi] = m and
νQ (a(xi+1)) = −(n − k)i+1. Hence P∞ is completely ramified in Fi+1. From Proposition 7.2.15 in [7] we have that Fq is
the full constant field of Fi for i ≥ 0 and we are done. 
4. A class of sequences of Kummer type
In this section we consider a particular class of sequences of Kummer type for which we can obtain a lower bound for
the splitting locus.
Proposition 4.1. Let m ≥ 2 and n > k ≥ 1 be such that gcd(m, n− k) = 1 and gcd(m, q) = 1. Let 0 ≠ α ∈ Fq and consider
the rational functions
a(T ) := Tm and b(T ) := T
n + α(f (T )− 1)
f (T )
,
where f (T ) ∈ Fq[T ] is a polynomial of degree k. LetFqt be a splitting field for Tm−α. If Zf ∩ZTm−α = ∅ then, for the (a, b)-recursive
sequence F /Fqt = (F0, F1, . . .), we have that
|Split(F /Fqt )| ≥ m, (7)
and
N(Fi) ≥ mi+1 + 1, (8)
for any i ≥ 0.
Proof. By Proposition 3.1 we have that the polynomial
σ(T ) := Tm − x
n
i + α(f (xi)− 1)
f (xi)
∈ Fi[T ],
is the minimal polynomial of xi+1 over Fi. Let
φ(T ) := T − α.
Then φ(T ) ∈ Fq[T ] and
φ(a(T )) = Tm − α and φ(b(T )) = T
n − α
f (T )
.
Now let r > 0 be such that αr−1 = 1. If βm = α then
βmr − α = αr − α = α(αr−1 − 1) = 0,
so that Zφ◦a ⊂ Zφ◦b if n = mr . Note that we have Zφ◦a  Zφ◦b if r > 1.
Since Tm − α splits in Fqt then Zφ◦a ⊂ Fqt . Also, since gcd(m, q) = 1 and Zf ∩ Zφ◦a = ∅ we have that for any γ ∈ Zφ◦a
the polynomial σ˜ (T ) = Tm − b(γ ) has m simple roots because b(γ ) = α ≠ 0 so that σ˜ (T ) is separable. Therefore, from
Theorem 4.2 and (4) we have the desired estimates (7) and (8). 
M. Chara, R. Toledano / Journal of Pure and Applied Algebra 215 (2011) 2603–2614 2613
The assumptions in Proposition 4.1 are satisfied, for example, by the (a, b)-recursive sequence F /F9 = (F0, F1, . . .)with
a(T ) := T 2 and b(T ) := T
2 + f (T )− 1
f (T )
,
where f (T ) := T + 1. In this case
b(T ) = T (T − 1)
T + 1 ,
and from (7) we have that |Split(F /F9)| ≥ 2. This sequence was studied in [3] where the same result on the splitting locus
was obtained.
If we consider now the (a, b)-recursive sequence G/F9 = (G0,G1, . . .)with
a(T ) := T 2 and b(T ) := T
2 − (f (T )− 1)
f (T )
,
where f (T ) := T , the assumptions in Proposition 4.1 are also satisfied. In this case
b(T ) = T
2 − T + 1
T
= (T + 1)
2
T
,
and from (7) we have that |Split(G/F9)| ≥ 2. It was proved in [3] that the sequence G/F9 = (G0,G1, . . .) is a subsequence
of the one given in Example 4 of Section 3 in the sense that each field Gi is a subfield of some field Fj(i) in the sequence
F /F9 = (F0, F1, . . .) given in Example 4 of Section 3.
Finally we have the following result over prime fields.
Theorem 4.2. Let l be a prime number and r ∈ N. Let p be a prime factor of l− 1. The equations
yp =
 xrp+x−1
x ,
xrp+x
x+1 , if p ≥ 3,
define recursive sequences of function fields F /Fl = (F0, F1, . . .) andH/Fl = (H0,H1, . . .) respectively with positive splitting
rate
|Split(F /Fl)| ≥ p and |Split(H/Fl)| ≥ p,
and for which the following estimates
N(Fi) ≥ pi+1 + 1 and N(Hi) ≥ pi+1 + 1,
hold for all i ≥ 0.
Proof. Takem = p, n = rp, α = 1 and f (T ) = T in Proposition 4.1. Then
a(T ) := T p and b(T ) := T
rp + f (T )− 1
f (T )
= T
rp + T − 1
T
,
and we have that a(T ), b1(T ) and b2(T ) ∈ Fl[T ]. We also have that gcd(p, rp − 1) = 1. Since gcd(p, l) = 1 and
Zf ∩ Zφ◦a = ZT ∩ ZTp−1 = ∅ then Proposition 4.1 shows that the equation
yp = x
rp + x− 1
x
,
defines a recursive sequence of function fields F /Fl = (F0, F1, . . .)with splitting rate
|Split(F /Fl)| ≥ p,
for which the estimate
N(Fi) ≥ pi+1 + 1,
holds for i ≥ 0.
Now suppose that p is odd and consider f (T ) = T + 1. Then
a(T ) := T p and b(T ) := T
rp + f (T )− 1
f (T )
= T
rp + T
T + 1 ,
and because p is odd we have Zf ∩ Zφ◦a = ZT+1 ∩ ZTp−1 = ∅. From Proposition 4.1 we deduce that the equation
yp = x
rp + x
x+ 1 ,
defines a recursive sequence of function fieldsH/Fl = (H0,H1, . . .)with splitting rate
|Split(H/Fl)| ≥ p,
for which the estimate
N(Hi) ≥ pi+1 + 1,
holds for i ≥ 0. 
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